
Micah

Homotopy Hypothesis : there should be a

theory of "

n - categories
"

where the

n - groupoids are models of "

n - types
"

n - type : a space X where T×X=0 for
K > n

EE if X is a I - type ,
then TX is

a I - groupoid
I

fundamental
grovpoid

Taking n=x
,

a - grorpoids should be

homotopy types

If we want to study ( a
,

I ) - categories
,

this suggests that we should be
able to model these by categories
enriched in

"

spaces
" lhomotopy types )

If we model no - cats by quasi - categories,

then this
"

idea
"

holds

( Janis x Micah fight )

Ex Top category of compactly generated
= weak Hausdorff spaces

Maptoplx,Y ) as the set of continuous maps
with the compact - open topology



I - I

Top :X⇐gf,X .

: asset

is a Quillen adjunction .

So
, categories enriched in

"

spaces
"

Should be the same as categories
enriched in asset

Mapk , 4) x Map ( Y
,

7) → Map ( X
,

Z )

I Mapk ,Y)x Map ( Y
,

# → Imap I x. Z ) I
115

lmaplxiyllxlmaplx , #
→

Cato is the category of simplicial ly - enriched

categories ,
Cattop is topologically - enriched

categories

So geometric realization induces a

functor Cato -7 Cattop

Sing f- ) also commutes with limits
,

so

the same property holds

Ee Cato
,

NCE )
.

= objects

Nce )
,

= Hornet ,
- )

a 2- simplex in NIE ) is a diagram



but in this case h=gof ; but we

just want he got
Recall Me )÷= Home .dk ) , e) it e. Fun e ))

(2) of→ .

'I

4oz = 4,2 . 401

idea freely add elements to hour
sets of [ n ] Sit

. Yi
; -1-4×04 ;

Slog
:-1*2- 4oz 't Yo

,
042

402

Define Scn ] to be this
"

thickened up
"

version of Cn ]

So now a functor SC 2) → E is the
data of

Y and of a homotopy791 h= got
X #

This is a functor O → Cato which
sends Cn ] to In ]

.



So define a simplicial set NCE )

Homssetlcn ]
,

Nle ) ) E Homcaeolscn ]
,

E)

Rink Get Fin ( or
,

Set )

the Yoneda embedding realizes this as

the " colihrit completion
" of D

So functors out of O into a category
E with cdimits are equivalent to

Colina 't - preserving functors sset  → E
.

So
,

our functor 0-5 Cato lifts to

a colimit - preserving functor
s Set  -7 Cato

⇒ Adjoint functor them implies that

there exists a functor Cato -7 asset

right adjoint to the first

s :sSetCato .

:Ntore : To any simplicial cat ee Cato
,

we obtain a sset
, Nce )

THE Nce ) is an a - cat

than these functors N and S are equivalences



defy The topological nerve

Cattop → sset

is defined by NosingC-
)

F¥ Top is now an a - cat by associating
it with its topological nerve

Mcppingspacesino-categon.ie#
Let E be an x - cat

For two objects x.yee
,

Mope ( KY ) :=Mapns( X. Y )
i.e . SC E) ( X

,
Y ) E K → simplicial sets localized

at weak equivalences

No obvious mops

Mapa ,
( KY ) xmapnsCY.tt/-sMapnslX,Z)



Janis

S : O → Cato extends to S : s Set  → Cato
with right adjoint N : Cato → asset

Ho :S Set Is Cat
,

: N ( not simplicial nerve )

See HTT 1.2.3
,

Cisinski 1.4-1.6
"

Boardman -

Vogt constr
.

"

Let e
. be an

a - cat
.

God : Construct a I - cat Hole )
.

Construct ITC E) I Hole )

What  is a I - cat ? - ok
-

sects
- morphisms

-

composition
- identity morphisms
-

associativity of comp .

Oblate )) -

- e
.

Morphisms : For every ( 4 :O
'

→ E) ee
, ,

put 4- e- Edge ( eco )
,

411 ) )

We also have Tdx E Edge ( X
,

X ) I degen .

I - simplex)



deed let 8,4T t Edge ( X
,

y )
.

Then 4- and I
are homotopic if I a 2- cell

GE Ez 5. t
.

2267=43: ×iTo

Prof For every Yee
,

with 410kt and

411 ) =y , homotopy is an equivalence
relation on Edge C X

, y )
.

PI Reflexivity:

Egg,Yµidy e e
-X-p> Y

Symmetryltrans :

µ Y
4-

,
F. I c- Edge L Ky )

assume

x
idi

¥ Y

this is A ? -7C
,

lifts
to I :D3→E

Then dat ) shows that I - I

for symmetry ,
take same diagram going

other direction
,



defoe for x. y E Oblate ) I - Eo
,

let

Homme
,

L X
, y ) = Edge # 7) homotopy

( H :O
'

→ e) EE
,

→ TEEdgelx.yl-scy-IEHoh.ae#lielD)

Composition : (9) E Homme ,
( X

,
Y )

,
'T E Homme,

( Y ,Z )

%Y¥zextends
to 0:02 - se

X
aime

(F) act ] [ DI ]

tsar ?
z

① Choice of o is ok : KEYfitz
A ? - se

I Z

I ; 03 → E

dad ,
T -

- do
Now d. I shows that

did
,

T - d. 0
' did - did

do d. T -

- idz



② Choice of 4- is ok :

Yimou
a ? - se

XE,yT→z↳ I : 03 - see

So d. I says : Cut ) off ] -

- [ d.d.TT
- Cd ,0 ]

-

- [4-319] .

③ Choice of UT is ok :

TT

7¥x I, YIs Z:
A ? → E ⇒ I : 03 → E

Herre di shows that

[ I ' ]o[ 93=[4-319]
.



E
Identity :

×
/

'

YfidyTY
sie says City ]o [47--19]

if
x

X it¥
SIE says CE3oCidI]=G ]

.

Associativity
-

'

x → y → 2-  → W
4- Tat

A ? → E ⇒  c- :O
's

→ E

CEI off ) .tt/--CdI " I
=Cd,IiT ]

=L 40 ' Toot ' ]

= fE) oft ) ) out ]

Therefore
,

He ) is a I - cat
.

g



FI •View a Ee Cat
,

as EE Cato
.

Then
Ho (E) = E

,
since Eye - 

-

e
, .

• Let X be a top . space .

Then

Holsinger) ) = IT
,

X

• Let ee Cato
,

then NC e) E Cato .

If Mapelx ,
Y ) is a Kan complex,

then Holm C e ) ) = he



Maximilien

liuhtsandcolimitsiuo-categon.es#

God: introduce the notion

formally
then

present an equivalent approach with

homotopy kollimits via topological C or

simplicial ) enrichment

defy Let E be an x - category . Let

p : K -7C be a map of simplicial
gets . A limit of p is a final

object  in Tep.

A chief of
p is

an initial object  in Ep ,

① Quick reminder for ordinary categories

E an ordinary cat
,

Xeoble )
.

over category Gx : Ob :

¥
,

ee

Mor : X
'

X
"

=

x' → ¥

I I ¥

Can be generalized : X :[ 03 - se
↳ cat  w/ I objtid

Given a functor p : I -74 denote by
Up the slice category of cones of p .



Elp are objects of the form

¥

pci
) → pl ;)

Dually we have notion of coconesepy
.

Recall: limp ) = terminal object of Epi .

② Joins of no - cats

Given A
,

B ordinary cats
,

define

A a B : oh ( AaB ) =

obCAltf.oblBJHomA@Blx.Y1fHomaK.Ytx.YeAHomBlX.Y
)

, X. YEB

*
,

Xt A. YEB
( 0

,
t c- B. YEA

.

DIE ( o ] OB = : Bd
,

the category of comes

of B

BO C o ] BO
,

the category of cocoas

of B



•

¥ B = •  →  

at

- a -7 •

B
'

=

t
.→

!

This construction can be extended to

simplicial sets such that

N (A) * NIB ) NIA . B )

( regular nerve )

defy K ,L asset
. ( K - L )m= kmulmui.Y.fi.it;

¥ 880
.

= O
'

In general ,
On = I a

. . . I
-

htt times

Even more general ,

Digg 's
± dit

't 's

F Canonical inclusions K → KOL
,

L - skol

→ the asset
,

sset  → Is Seth
,

K -7 KOL
,

this functor preserves cocimits



def do L Ld cone of L

K & I = : Kb co cone of K

¥ n : = g
Co → Cz

(A)
a

= o
'

x O
'

( o
,

o ) → ( 1,0 )

t t
( O

,
1) → ( 1,1 )

③ Sliced a - categories
In ordinary categories , given a factor
p : A  → B

,
notice Bp,

is characterized

BY Fante
, Bp , )E Fmp (

EAA
,

B )
u

c-
* A  → B

⇐ Co ] A  .
.  →  

,
.

TAA

Bri -

-

¥
,

pi! ← ,

-

I
.

I ! B



Worthwhile rewriting the iso :

Marcotte
,

Bip ) = Homcata,leA¥a
,

Atf )

Props Let p
:L -5C a map of asset

where E is an o - cat
.

Then there

is an x - cat Ep , characterized by
V-kess.at : Homssetlkiep ,

) = Hanssen
,
h , IP)

(

Elp
)n= Homssetylkn.ci Ker )

Dually ,
we haveElp where replace(

KAL with Look )

④ initial objects ) final objects

An obj Kee is final if in  its

homotopy Hotel
,

: V KEE
, Mora.ee#Y)q*

Weak

E can be top cat
, simplicial cat

,

or

o - cat
.



⑤ a - Ceo) limits as homotopy C co ) - limits

Unpacking the definition : liar ( KI , e) is

the final object of Elp .
An object

of Epl is a vertex of Clips)o
.

Recall: (

eqto-ltomssetryloI.ae

,
KIP )

i.e . a functor p : K' = I * K -7 E such

that

Flu =p

Often we denote Fto ) Ee as limp)
→ the usual nerve preserves

(a) limits

Recall Given an a - cat e
,

if  is enriched

topologically ( or simplicial ly ) :

given objects X. YEE
, Mapel KY )

can be regarded as the object  in the

homotopy category of spaces representing
the space of maps from X to

Y in Hole )



Really : For usual limits in ordinary
cats :

let L = lion ( IFE )
,

then

f- Kee : Mope ( X
,

L ) Es Moree Hy, p )

const . diag .

Prof Let E be an a - cat and K  asset
,

p
: K  -7 e a asset map . Then

if : Kd → e is a limit of p
-

- Elk

€3 if we denote L=p- to )
,

ttxee
,

Mapel X. L ) Mapr.name ,
# sp )

EE Recall that homotopy product  in Top
is given by the product in Holtop)

If E is a topological cat
,

then homotopy
product II Ya E E is determined

fxee : Mapk;tTYa ) Imap IX. Ya )
Weak



E recall that the homotopy pullback in

Top : Y

xf→¥9
is given by the space

{ Is

y.hlexxYxmapko.DE/llhlol--flxl,hlD=gCyj3C-XxYxMapko.D,Z

)
For a topological cat e

,
P is a htpy

pull back of XT Z  in e if :

VW : Mapelw ,
P ) Imap ( w ,Hxhmpµ⇒MapHY)

defy Let e be a topological category,

Define the topological nerve of e :

Ntople ) = No ( single))

def Let S be the • - cat of spaces
defined as

Not Kan ) or Ntoplcw)



The Let I
,

E be topological categories
,

Let p : I → e be a continuous

functor
. Suppose we have a cone

( C
, { ni : C -

sp ice )
, ( C. { hi 3) is

a homotopy limit of
p ⇐

pi
 - Ntoplp ) : Wtop II ) → Nagle) can

be extended to a functor

F :NtopfIF→ Nap ( e ) is an a - limit

in Ntop

i=:
{ ← topological enrichment

I statement for
siamspligiae

,



Harry
presentablelordinarylcategon.es

- bridge the gap between small categories
and proper classes

- presentable categories are
"

generated
"

by
small categories

Ex Ab is a proper class
,=

but Abb is Sarah

Reed for any small A
,

we have

cocomplete preheat category
Fml Aop

,
Set )

A Further
,

Set )
I

x → Homtsx )
,

' think of this

u
-

- as cocompletio
B ← or

"

free generation "

cocoon plate

Thug For A small and E cocomplete ,

the restriction to A along the
Yoneda embedding gives an equivalence

Font( Fintan
,

Set )
,

e) → FMLA
,

e )
Colin preserving

functors



Coe A :*
,

Failset
, e) → e

Thin (Adjoint Functor Thou ) ( Freyd)

For F :[ → D
,

E. D cocomplete ,
F  is

a left adjoint if and only if

F preserves colihrits and the
"

solution
set condition "

is satisfied
( roughly )

SSC : some class of morphisms is a set

Presentable categories form a suitably
large class of categories for which

we can drop SSC
.

def Let K be a regular cardinal
.

Then
a

k-mit
is given by

a filtered system where objects t

morphisms are less than Ti
.

A category E is k-accessibk.it it

contains some small subcat DEE
such that :

•

every XEE is a K - filtered colin

of objects in D ( D. → e is dense)
• for DED

, hlomld
,

- ) commutes with
K - filtered coliurifs ( d 's are K - compact

in E )



defy E is accessible if
 it is K - accessible

for some K and f :C → D is

accessible if it preserves filtered
cobnuts

deed A category e is presentable if it

is accessible t co complete

Ncte : Any presentable cat is also complete

E¥ . Set
, as generated by *

• Any presheaf category on a small

category Fun CAOP
,

Set )
• asset  = Fun ( OH

,
Set )

• Motor generated by f.g . projective

•CHLR ) generated by perfect complexes
• Quasi coherent Of - modules

on any scheme

www.ationfarpresentablecategonie#
A category e is presentable if and only

if it B a localization of a

presheaf category ) on a small category
accessible



A Fun ( AOP
,

Set ) die
f 4

free generation relations

Adjointfmctorthmforpresentablecategon.es :

F :C → D
,

e. D presentable
① F is a left adjoint if and only if

it preserves colimits

② F  is a right adjoint if and only
if it preserves limits and is

accessible .

prysentobkx-categ.com#Recall-
a - category of spaces S= Nolkan )

for some small simplicial set K
,

define a - cat of presheares

PIK ) :=Fun (Kop
,

S )

Recall We have an adjunction

Chand :SSet F- Cato
← → coherent nerve

simplicial thickening



For some simplicial set
,

take Clk ] and 9

Clk ] XCCKOP ) → Kan

( X
,

Y ) i-s-snglttomanlx.it/
We compose

CHEKA ] → CCK ]xC[ KOP] - Kan

pass to adjoint

Kxkop → Not Kan )=S

exponential law

If → Fun ( k 'm

,
s ) this is a - yoneda

embedding
- fully faithful and satisfies necessary

universal property

Three Fun4P( D )
,

E) → Fml D. E )

CE Take D= Do
, get Fails

, e) Te

"

The a - cat of spaces is freely generated
by the zero simplex I "



defy Ana - cat is presentable if it is

cocomplebe and accessible
.

A functor between A - cats is a localization
if it has a fully faithful right
adjoint

ftp.cationofpresentabhex-catsx
- cat E is presentable if and only if

it is an accessible localization of
PCD ) for some small a - eat D

.

Towards understanding accessible localizations
of x - categories :

( L
,

R ) : EID
,

denote L : E - ' D → e as

well

letSL -

- the class of
maps in E sent to

equivalences by L

Localizations are completely determined by SL

In this cage
,

SLE Fun il ) : . closed under coli omits
• stable under retracts

• 2 - out  of - 3
a contains eqcivs
• stable under caboose change



Lurie calls such a class stronglysaturate.de

Intersections of strongly saturated classes
are also strongly Saturated

,
and

Fun ( CD
,

E ) is also strongly saturated

So for any TE Fun ( CD
,

E ) there is some

minimal strongly saturated closure FIT

Say Sis of small generation if5=7 for

some small 'T

X

Th# ( Lurie ) e presentable o - cat
, SE Full D. e) is

strongly saturated of small generation if

S L for some accessible localization
L : e - se

Relationtomodelcategom.es

defy A model category is combinatorial if
it is presentable and cofbrantly generated

-
cofib rations are

generated by
a set

T=hm= An a - cat E is presentable if and only

C=No( Mof ) for M a combinatorial
model category .


